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Abstract. We study the relationship between bipartite entanglement, subsystem
particle number and topology in a half-filled free fermion system. It is proposed
that the spin-projected particle numbers can distinguish the quantum spin Hall state
from other states, and can be used to establish a new topological index for the
system. Furthermore, we apply the new topological invariant to disordered system
and show that a topological phase transition occurs when the disorder strength is
increased beyond a critical values. It is also shown that the subsystem particle number
fluctuation displays behavior very similar to the entanglement entropy. It provides a
lower-bound estimation for the entanglement entropy, which can be utilized to obtain
an estimate of the entanglement entropy experimentally.
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1. Introduction
Topological phases of matter are usually distinguished by using some global topological
properties, such as topological invariants and topologically protected gapless edge
modes, rather than certain local order parameters. The integer quantum Hall effect [1],
fractional quantum Hall effect [2], and band Chern insulators [3] can be characterized by
Chern numbers or Berry phases [4,5]. The quantum spin Hall (QSH) effect [6,7] and the
three-dimensional topological insulators [8,9] are characterized by the Z2 invariant [10]
or spin Chern number [11,12]. In recent years, quantum entanglement [13], which reveals
the phase information of the quantum-mechanical ground-state wavefunction, has been
used as a tool to characterize the topological phases. As shown by Levin and Wen [14]
and also by Kitaev and Preskill [15], the existence of topological entanglement entropy
in a fully gapped system, such as fractional quantum Hall [17] and the gapped Z2
spin liquid [14,16], indicates existence of long-range quantum entanglement (topological
order [18] in equivalent parlance). Interestingly, a very recent work [19] proved that
topological order can also be read and assessed by the geometric entanglement in
multipartite entangled systems. Another important progress is the demonstration that
the entanglement spectrum (ES) [20] reveals the gapless edge spectrum for fractional
quantum Hall systems [20–24], Chern insulators [25, 26], topological insulators [27–29]
and even to spin systems [30–32].
Supposing A and B to be two blocks of a large system in a pure quantum state, the
reduced density matrix (RDM) ρA can be obtained by tracing over degrees of freedom
of B. Then the Von Neumann entanglement entropy (EE) can be computed
Sent = −tr(ρA ln ρA) = −tr(ρB ln ρB) . (1)
It has been shown that for bipartite subsystems A and B with a smooth boundary,
Sent has the form of Sent = αL − Stop, where L is the length of the boundary, α
is a non universal coefficient, and −Stop is a universal constant called the topological
entanglement entropy [14, 15]. Moreover, if we write the RDM in the form of
ρA = exp(−Hent)/Z, where Z is a normalization constant, and Hent is known as the
entanglement Hamiltonian, the eigenvalue spectrum {εi} of Hent is called the ES, which
stores more information about the quantum entanglement than the EE [20].
In this paper, we study the relationship between bipartite entanglement and
subsystem particle number in half-filled free fermion systems. It was proposed in
Ref. [33], for systems with translational invariance in one dimension, the discontinuity
in the subsystem particle number as a function of the conserved momentum indicates
whether or not the ES has a spectral flow, which is determined by the topological
invariant of the system [29]. Nevertheless, this approach has an exceptional case for
a half-filled QSH system with two-dimensional inversion symmetry. To overcome the
inadequacy, we define spin-projected particle numbers, based on which spin trace indices
can be well defined, for the QSH system with or without sz conservation. Spin trace
indices are univocally related to the topological invariant of QSH system, i.e., the Z2
index. Furthermore, we show that spin trace indices will still work well in disordered
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(a) cylinder geometry (b) torus geometry
Figure 1. (Color online) Schematic view of a cylinder and a torus. The entanglement
cuts divide the system into two equal parts A and B. For the cylinder geometry, the
entanglement cut leads to one interface (a); and for the torus geometry, the cuts lead
to two interfaces (b).
systems and can demonstrate a topological phase transition. We further investigate the
relationship between the EE and subsystem particle number fluctuation. The latter is
also dominated by the boundary excitations of the system, and satisfies a similar area
law as the EE.
In the next section, we introduce the model Hamiltonian, and explain the procedure
to calculate the ES and EE. In Sec. III, numerical calculation of the ES is carried out,
and the connection between the subsystem spin-projected particle numbers and the
topological invariants in different phases is established. In Sec. IV, we apply spin trace
indices to disorder system and show it can demonstrate the phase transition from the
QSH to the trivial insulator. In Sec. V, the relationship between the EE and subsystem
particle number fluctuation is discussed. Our results are summarized and discussed in
the final section.
2. MODEL HAMILTONIAN
We begin with the tight-binding model Hamiltonian for the QSH system introduced by
Kane and Mele [6, 10], plus an additional exchange field [36]
H = −
∑
〈i,j〉
c†icj + ivso
∑
〈〈i,j〉〉
c†iσzvijcj
+ ivr
∑
〈i,j〉
c†i(σ × dij)zcj +
∑
i
mic
†
ici + g
∑
i
c†iσzci . (2)
Here, the first term is the usual nearest neighbor hopping term with c†i = (c
†
i,↑, c
†
i,↓) as the
electron creation operator on site i, where the hopping integral is set to be unity. The
second term is the intrinsic spin-orbit coupling (SOC) with coupling strength vso, where
〈〈i, j〉〉 stands for the second nearest neighbor sites, and vij = (dkj×dik)z/|(dkj×dik)z|.
Here, k is the common nearest neighbor of i and j, and vector dik points from k to i.
vij = +1 for counter-clockwise hopping, and vij = -1 otherwise. σz is a Pauli matrix
describing the electrons spin. The intrinsic SOC opens a band gap and drives the system
into the QSH phase. The third term stands for the nearest neighbor Rashba SOC with
σ the Pauli matrix, and vr is Rashba SOC strength. The intrinsic SOC term breaks the
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SU(2) symmetry down to U(1), and the Rashba SOC term breaks the remaining U(1)
spin symmetry down to Z2 . The fourth term stands for a staggered sublattice potential
(mi = ±m), which also opens a gap at the Dirac point but drives the system into a
trivial topology phase. The last term represents a uniform exchange field with strength
g, which explicitly violates the time reversal symmetry.
We consider systems with cylinder or torus boundary conditions, consisting of Nx
(Nx to be even) zigzag chains along the circumferential direction (y direction). The size
of the sample will be denoted as N = Nx × Ny with Ny as the number of atomic sites
on each chain. We perform the entanglement cut along the y direction, which results in
one or two interfaces between the two equal parts A and B, respectively, for the cylinder
or torus geometry, as shown in Fig. 1. In order to examine the EE and ES, an Schmidt
decomposition on the ground-state wavefunction or calculation of the RDM is usually
needed. For non-interacting fermion systems, however, the necessary information of the
entanglement can also be obtained from the following two-point correlators [37]
cτ1,τ2(i, j) = 〈c
†
i,τ1
cj,τ2〉 . (3)
Here, 〈·〉 means the ground-state expectation of an operator. τ can be an index of spin,
pseudospin, or orbital degree of freedom.
Using the Fourier transformation (FT) along the y direction, the Hamiltonian can
be rewritten as H =
∑
ky,i,j c
†
i (ky)hi,j(ky)cj(ky), where c
†
i (ky) = (c
†
i,↑(ky), c
†
i,↓(ky)) are the
electron creation operators. After performing the entanglement cut, we treat part A as
the subsystem, and trace out the degrees of freedom of B. It should be noted that any
of the correlators cτ1,τ2(i, j) with i and j confined in A is unchanged by the tracing.
When carrying out the FT on the correlators, we can get
cτ1,τ2(i, j) =
1
Ny
∑
ky
eiky ·(iy−jy)〈c†i,τ1(ky)cj,τ2(ky)〉 , (4)
where i and j discriminate the zigzag chains. We use 〈c†i,τ1(ky)cj,τ2(ky)〉 to form a
hermitian matrix C(ky). Then the entanglement Hamiltonian is given by [37]
Hent = ln(C
−1 − 1) . (5)
The spectrum {ζi} of C is related to spectrum {εi} of Hent by ζi = 1/(e
εi + 1), where ζi
acts as the average fermion number in the entanglement energy level εi at “temperature”
T = 1. By using the spectrum of C, the EE at each ky sector is given by sent(ky) =
∑
i si,
with
si = −ζi ln ζi − (1− ζi) ln(1− ζi) . (6)
From the viewpoint of probability theory, si in Eq. (6) can be regarded as the
Shannon (information) entropy of the Bernoulli distribution, i.e., the i-th entanglement
level εi has probability ζi of being occupied while (1−ζi) of being unoccupied. As a result,
Sent is the Shannon entropy of a series of such independent Bernoulli distributions. In
the following, we will perform systematic numerical simulations to study various phases
of Hamiltonian (2) in terms of the ES and the subsystem particle number.
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Figure 2. (a-f) Single-particle entanglement spectrum in the cylinder geometry (left
panels) and torus geometry (right panels) for (a,b) the QSH phase with vso = m = 0.2,
vr = 0.1, g = 0, (c,d) the insulator phase with vr = −0.3, m = 0.3, vso = g = 0, and
(e,f) the quantum anomalous Hall phase vr = g = −0.3, vso = m = 0. (g) Phase
diagram in the m versus g plane for vso = 0 and vr 6= 0. Points A and B correspond
to the parameter values used in (c,d) and (e,f), respectively.
3. Entanglement spectrum and subsystem particle number
At g = 0, Hamiltonian (2) is the standard Kane-Mele model [6], which is invariant under
time reversal symmetry. The system is in a QSH phase when |m/vso| < [9−
3
4
(vr/vso)
2],
and is an insulator when |m/vso| > [9−
3
4
(vr/vso)
2]. On the other hand, if we set vso = 0,
vr and g nonzero, a middle band gap opens when |g| 6= |m|. The system is in a quantum
anomalous Hall phase with Chern number C = ±2 [36] for |g| < |m|, and is an insulator
for |g| > |m|. The band gap closes at the transition point |g| = |m|. The phase diagram
for vso = 0 and vr 6= 0 is plotted in Fig. 2(g).
Figs. 2(a) and (b) show the ES for the QSH phase, Figs. 2(c) and (d) for the insulator
phase, and Figs. 2(e) and (f) for the quantum anomalous Hall phase. Here, it should
be emphasized that the nontrivial topological phases exhibit gapless ES [Figs. 2(a),
(b), (e), and (f)], corresponding to physical gapless edge modes, and this property is
named as the spectral flow [29], which has been explained by Qi and his coworkers
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for coupled conformally invariant subsystems with left- and right-moving particles in all
chiral topological systems [26]. However, the spectral flow is broken for the topologically
trivial phase [Figs. 2(c) and (d)], which is also consistent with the property of the
correspondent edge states.
In a recent work [33], the authors proposed a new characteristic quantity called the
“trace index” to describe topological invariants, which is defined through a subsystem
particle number operator NA(ky) =
∑
i∈A c
†
i,ky
ci,ky . The expectation of NA(ky) is given
by
〈NA(ky)〉 = 〈GS|
∑
i∈A
c†i(ky)ci(ky)|GS〉 = TrC . (7)
In Fig. 3, we plot the expectation of NA(ky) for the three different phases mentioned
above. In the cylinder geometry, NA(ky) is discontinuous at some discrete momenta in
the nontrivial topological phases, as shown in Figs. 3(a) and (c). This is in contrast
to the normal insulator phase [see Fig. 3(b)], where NA(ky) is a continuous function of
ky. In the torus geometry, NA(ky) is exactly equal to half of the total particle number
in the ky sector, without showing any discontinuity, because the change of the particle
number in A around interface I is just canceled by that around interface II due to the
rotation invariance of the torus. In the cylinder geometry, the trace index was defined
as the total discontinuities of 〈NA(ky)〉 with varying momentum. Alexandradinata,
Hughes, and Bernevig [33] presented a detailed analysis and proved that the trace index
is equivalent to the Chern number (or Z2 invariant) for the Chern (Z2) insulators.
Therefore, the subsystem particle number provides a new alternative tool to reveal the
topological invariants.
However, as mentioned in Ref. [33], there is an exceptional case in which the
subspace of the occupied bands at the symmetric momenta is not closed under time
reversal in the ground state. If at the symmetric momenta the Kramers’ doublet
that extends along the edge of A is singly-occupied, 〈NA(ky)〉 is continuous, even
when the system is in a nontrivial topological phase. For the half-filled system
under consideration, an exception still happens. While the two-dimensional inversion
symmetry remains unchanged (m = 0), NA(ky) becomes continuous, as shown
in Fig. 3(d). This is because the Kramers’ partners extending along the edge
simultaneously cross the Fermi level at the symmetric momentum (ky = pi) and have
opposite contributions to the discontinuities of 〈NA(ky)〉.
To overcome this difficulty, we define a new quantity named spin trace index. We
choose operator PszP to split the fiber bundle of the occupied states into two bundles
with well-defined Chern numbers, where P is the ground state projector. At half filling
and in the presence of time reversal symmetry (g = 0), PszP is always a time-odd
operator (TPszPT
−1 = −PszP ), so that the spectrum of PszP is symmetric in respect
to the origin. As a result, we can use eigenvectors of operator PszP corresponding to the
positive (negative) eigenvalues to split the Hilbert space spanned by the occupied-states
wave functions into two sub-space (”spin-up” and ”spin-down” sub-spaces). The new
wave functions for the two sectors are unitary transformation of the original occupied-
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Figure 3. (Color online) (a-c)The subsystem particle number in the cylinder geometry
and torus geometry for (a) the QSH phase, (b) the insulator phase, and (c) the
quantum anomalous Hall phase with all the parameters as same as Fig. 2. (d) The
subsystem particle number in the cylinder geometry and torus geometry for the QSH
phase with vso = vr = 0.2, where the two-dimensional inversion symmetry is retained.
Discontinuities in the expectation of the particle number can be observed only in the
cylinder geometry.
band wave functions. This splitting results in a smooth decomposition
P (ky) = P
+(ky)⊕ P
−(ky) , (8)
for all ky ∈ (0, 2pi], with α = ± corresponding to the positive and negative sectors.
Straightforwardly, the two-point correlator matrix can also be decomposed into C(ky) =
C+(ky)⊕C
−(ky). It will be shown below that the traces of C
±, called the spin-projected
subsystem particle numbers, are related to the topological invariants.
If TrCα(ky) is discontinuous at some momenta {kdis} with kdis ∈ (0, 2pi], we can
define the spin trace indices as the total discontinuity, i.e., difference between the limits
of TrCα(ky) from right and left in the thermodynamic limit,
Aα ≡
∑
kdis
( lim
k→kdis+
TrCα(k)− lim
k→kdis−
TrCα(k)) . (9)
When the Hamiltonian commutes with sz (vr = 0), operator PszP = I ⊗ σz.
In this case, the spin trace index are equivalent to the result obtained by calculating
∑
i < ϕi(ky)|(1 ± σz)/2|ϕi(ky) >, where ϕi are limited to the occupied-band wave
functions. In the presence of the Rashba spin-orbit coupling, the matrix form of PszP
is no longer diagonal, and thence upper and lower projected spin spectral bands then
begin to communicate. Nevertheless, even in this case, it can be confirmed that the
two bands are always separated by a finite band gap [34], hence allowing us to define
Aα unambiguously. Based on the splitting principle [35], the two sub-space got through
linear combination still have well-defined Chern number. It has been proved that the
Chern numbers for the two sectors are topological invariants protected by the energy
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Figure 4. (Color online) Subsystem spin-projected particle numbers in the cylinder
geometry for the QSH phase (a-c) with g = 0 and different parameters: (a) vso = 0.2
and vr = m = 0, (b) vso = vr = 0.2 and m = 0, (c) vso = m = 0.2 and vr = 0.1, and
for the insulator phase (d) with vso = vr = 0.05, m = 0.5 and g = 0.
gap and spin spectrum gap [12]. Then each sector is an analogy of the quantum Hall
system with Chern number +1 or −1. The Chern number and trace index for a Chern
insulator are equivalent to each other [33]. Naturally, Aα is equivalent to the Chern
numbers for each sector. From the quantized Chern number for each sector, it follows
that the spin trace index is also quantized, both of them coming from the bulk topology.
Then Z2 index can be defined as the parity of A
α(for any α),
AZ2 ≡ A
αmod 2, (10)
which labels the topologically distinct phases.
We plot TrCα (α = ±) as functions of ky in Fig. 4. No matter whether sz is
conserved, both TrC+(ky) and TrC
−(ky) show discontinuities at ky = pi with A
+ = 1
and A− = −1 in the QSH phase[Figs. 4(a) and (b)], where the two-dimensional inversion
symmetry is present (m = 0). Figure 4(c) shows the discontinuities of TrC+(ky) and
TrC−(ky) in the QSH phase in which sz is not conserved (vr 6= 0) and the two-dimensional
inversion symmetry is broken (m 6= 0). In this case, the spin trace indices are equal to 1
and −1, respectively, contributed by two different momentum points. But, in contrast,
both TrC+(ky) and TrC
−(ky) are the continuous functions in the normal insulator phase
[Fig. 4(d)]. Consequently, it is easy to get AZ2 = 1 for QSH phase [Figs. 4(a-c)] and
AZ2 = 0 for insulator phase [Figs. 4(d)]. Therefore, the subsystem particle number
expectation can be used to characterize the topological invariants. Especially, for the
QSH systems, the spin trace indices are new well-defined quantities that can reveal the
Z2 invariant and distinguish different quantum phases.
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Figure 5. (Color online) Disordered spin trace indices for the QSH phase with
vso = m = 0.2 and vr = 0.1 . (a): TrC
α(φ) as a function of flux φ for one time disorder
configuration with disorder strength parameter W = 0.5 for sample size N = 12× 12;
(b)Disordered trace indices as a function of the disorder strength parameter W . The
result is averaged over 400 disorder configurations, for several different sample sizes.
4. Application of spin trace indices to disordered system
The spin trace indices can be used for classifying different topological phases, but it will
be equally important to extract nontrivial physical consequences from its remarkable
properties, in particular, to say something about the localization of the bulk states in
the presence of disorder. To study the disorder effect, we include into Hamiltonian (2)
a random on-site potential of the form
∑
i ωic
†
ici, with wi randomly distributed between
[−W/2,W/2].
We define spin trace indices for systems with translational invariance in one
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dimension, but momentum ky is no longer a good quantum number in the presence
of disorder. However, by introducing a flux inserted through the symmetry axis of the
cylinder, we add a parameter φ into the Hamiltonian in order to replace the momentum
ky. Then if TrC
α(φ) is discontinuous at some pseudo-momenta {φdis} with φdis ∈ (0, 2pi],
we can redefine the disordered spin trace indices as:
Aαφ ≡
∑
φdis
( lim
φ→φdis+
TrCα(φ)− lim
φ→φdis−
TrCα(φ)) . (11)
Numerical calculation of the disordered spin trace indices is carried out for a
disordered system with vso = m = 0.2 and vr = 0.1 at half filling, and the results
are shown in Fig. 5. In Fig.5(a), we plot TrCα(φ) as a function of flux φ for one time
disorder configuration with weak disorder W = 0.5, for sample size N = 12 × 12. It
is apparent that for weak disorder, the TrCα (α = ±) as a function of φ behave very
similar to the TrCα (α = ±) as a function of ky which have been showed in Fig. 4.
For the QSH, both TrCα have only one discontinuous momentum or pseudo-momentum
point with discontinuity ±1, which implies the spin trace indices are equal to 1 and −1,
respectively. When the disorder strengthW is increasing, TrCα(φ) become discontinuous
at some more pseudo-momenta {φdis} points and the calculated spin trace indices as
a function of disorder strength after average over 400 times disorder configurations is
plotted in Fig. 5(b) with different sample sizes. One can clearly found that the spin trace
indices are robust against weak disorderW < 2. With increasingW from 2 to 9, the spin
trace indices continuously decrease to nearly zero. At the same time, with increasing
the sample size, the transition process becomes sharper and sharper, which conforms
the expectation that the phase transition from the QSH (with spin trace indices ±1)
to the trivial insulator (with both spin trace indices 0) occurring at around Wc ≈ 5.2
should become a sudden drop from ±1 to 0 in the thermodynamic limit. In short, as
far as disorder goes, loss of translational invariance leads to a loss of the Brillouin zone,
and sequentially the Z2 index can not be defined, so how to abstract the topological
invariant from disordered systems becomes very significant. Here the (disordered) spin
trace indices we has defined above can be applied to these systems and can display a
topological phase transition occuring when the disorder strength is increased beyond a
critical values.
5. Entanglement entropy and subsystem particle number fluctuation
We have shown that topological properties of the ground state can be extracted from
the expectation of subsystem particle number. Now we turn to the variance of NA(ky).
In the past three years, extensive works have been devoted to the study of the relation
between the EE and subsystem particle fluctuation for non-topological systems [40].
In this section, we will show that the relation is rather general, it does apply to non-
interacting electron systems with a nontrivial band topology. We start from the standard
definition of the variance
△N2A(ky) = 〈N
2
A(ky)〉 − 〈NA(ky)〉
2 . (12)
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Figure 6. (Color online) Entanglement entropy in comparison with subsystem particle
number fluctuation for (a-b) the QSH phase, (c-d) the insulator phase, and (e-f)
the quantum anomalous Hall phase, in the cylinder geometry (left panels) and torus
geometry (right panels). All the parameters are the same as in Fig. 2.
Substituting Eq. (7) into Eq. (12) and using the Wick’s theorem to expand all the
four-point correlators, one can obtain
△N2A(ky) =
∑
i,j∈A
〈c†i,kycj,ky〉〈cj,kyc
†
i,ky
〉
= Tr[C(1− C)] , (13)
yielding △N2A(ky) =
∑
i ζi(1− ζi), which is in keeping with the variance formula of the
Bernoulli distributions. In order to find a definite relationship between the EE and the
variance, one can construct a concave function f(x) = − ln x/(1− x) for x ∈ [0, 1], and
apply the Jensen’s inequality
− x lnx− (1− x) ln(1− x) ≥ (4 ln 2) · x(1− x) . (14)
The equality holds if and only if x = 1/2. Equation (14) enables us to make a lower-
bound estimation of the EE
sent(ky) ≥ (4 ln 2) · △N
2
A(ky) . (15)
This inequality is first given in the context of metal [39] and here as a complement,
we give a very simple and direct proof. From the inequality one can see that a lower
bound of the EE is given by s0(ky) ≡ (4 ln 2) ·△N
2
A(ky), which is directly proportional to
the particle number fluctuation of subsystem. In Fig. 6, we plot sent(ky) and s0(ky) in the
QSH phase, insulator phase, and quantum anomalous Hall phase. In all the cases, the
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curves for the particle number fluctuation behave somewhat similarly, and are very close
to the corresponding EE. This similarity was observed in the non-topological systems
lately [40], and here we find that the similarity remains to hold for the topologically
nontrivial system. Moreover, each maximally entangled state with εm = 0 (ζm = 1/2)
existing only in topology phases contributes a maximal value to the subsystem particle
number fluctuation and the EE, which cannot be eliminated by adiabatic continuous
deformation, which may provides a new way for the probe of topological insulators.
Furthermore, one can use NA(ky) =
∑
i∈A c
†
i,ky
ci,ky to verify △N
2
A =∑
ky △N
2
A(ky) →
Ly
2pi
∫
dky△N
2
A(ky), indicating that △N
2
A(ky) satisfies a area law [38],
similar to the EE, Sent =
∑
ky sent(ky)→
Ly
2pi
∫
dkysent(ky). Remarkably, for topologically-
ordered states, Ref [19] proved that the non-topologically-ordered term of geometric
entanglement obeys a similar area law in multipartite entanglement. We expect that
the conclusion should still be true for non-interacting fermions systems. To conclude,
the subsystem particle number fluctuation shares several common characteristics with
the EE, and so can be utilized to obtain an estimate of the EE. The EE has being widely
used in analyzing quantum critical phenomena, topologically ordered states, evolution
after a quantum quench, as well as quantum computation [44].
6. Summary and discussion
To conclude, we have investigated the relationship between the quantum entanglement
and subsystem particle number. The spin trace indices can reveal the topological
invariants and be used to classify different phases in QSH systems. This new tool
always works well even though sz is not conserved. Even in disordered system, it works
well and can be used to demonstrate topological phase transition. As to the subsystem
particle number fluctuation, it shares several common properties with the EE. They both
satisfy the same area law, and are dominated by the boundary excitations with each
zero mode having a maximal contribution. The connection between the two quantities is
universal, regardless of whether the system has a nontrivial band topology. As a result,
the subsystem particle number fluctuation, as an observable quantity, can be utilized to
obtain an estimate of the EE experimentally [40].
As long as the Fermi energy still lies in the bulk energy gap, all results that we have
obtained will remain about the same. With the Fermi energy lowered into the valence
band or increased into the conduction band, the spin trace indices will no longer be
quantized and continuously drop from ±1 to 0. We also stress that the results obtained
in the paper only hold for free fermion systems. Interestingly, as to the entanglement
entropy and the subsystem particle number fluctuation, a similar relation has been
found for certain types of interacting systems, for example, one dimension quantum spin
chains [41], although such a relation is not true for some other interacting systems such
as fractional quantum Hall states [42] and two-dimensional spin 1/2 antiferromagnetic
Heisenberg model [43].
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